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We study under what circumstances a separable bipartite system A-B can or cannot become
entangled through local interactions with a bi-local entangled source S1-S2. We obtain constraints
on the general forms of the interaction Hamiltonians coupling A with S1 and B with S2 necessary
for A and B to become entangled. We are able to generalize and provide non-perturbative insight on
several previous no-go theorems of entanglement harvesting from quantum fields using these general
results. We also discuss the role of communication in the process of entanglement extraction,
establishing a distinction between genuine entanglement extraction and communication-assisted
entanglement generation.
I. INTRODUCTION
One of the most striking differences between classical
and quantum theories is the existence of entanglement
in the latter. The implications of this fact are enor-
mous from both practical as well as fundamental view-
points. The practical importance of entanglement is per-
haps most evident in the advantages that it seems to offer
quantum computers over their classical counterparts [1].
On the more fundamental side, for example, the pres-
ence of entanglement in the vacuum state of a quantum
field [2, 3] is a key feature in conjectured solutions to the
black hole information loss problem [4–7].
Given the relevance of entanglement, both as a re-
source for quantum information processing and as a tool
in fundamental studies, it is important that we better
understand its dynamical nature. In this context, we
analyze the ability of bipartite systems to extract en-
tanglement from sources in which entanglement already
exists naturally. In particular, we concern ourselves with
the ability of a separable target system A-B to extract
entanglement from a bipartite source system S = S1-S2
only through bilocal interactions A-S1, B-S2. More con-
cretely, we ask the question: Given the unitary opera-
tor Uˆ which describes the interaction between target and
source, what conditions must Uˆ obey in order for A and
B to become entangled?
We find conditions that are necessary in order to
achieve entanglement extraction with a particular class
of generic target-source interactions. Specifically, we con-
sider interactions where the unitary Uˆ is the exponential
of a Schmidt rank 1 operator. Based on the observa-
tion that such interactions give rise to an entanglement-
breaking channel from the source to the target, we
show that, in particular, entanglement extraction re-
quires more than two such interactions (i.e., more than
just one per target). We give necessary conditions for
combinations of three or four such couplings to achieve
entanglement extraction. In these cases where A and B
do become entangled, we discuss the origin of this en-
tanglement. That is, we establish a distinction between
the genuine extraction of pre-existing entanglement from
S, and the generation of entanglement between A and B
due to indirect communication via the source S.
These main results apply generally to the framework
of entanglement extraction independent of the physical
manifestation of the target and source systems. In this
paper, we establish their significance in particular for en-
tanglement harvesting from relativistic quantum fields:
By a direct application of our main result, we general-
ize all previously known no-go results for entanglement
harvesting and provide a simple, unified explanation for
why they hold.
In so called entanglement harvesting, which is a special
case of entanglement extraction, the targets A and B are
a pair of first-quantized systems, e.g., modeled by Unruh-
DeWitt (UDW) particle detectors [8], and the source S
is a relativistic quantum field. The pioneering works on
entanglement harvesting were by Valentini [9], and later
Reznik et. al. [10, 11], and they showed that it is possi-
ble for particle detectors A and B to become entangled
through local interactions with the field vacuum, even if
the detectors are spacelike separated. Since spacelike sep-
arated detectors cannot communicate with one another,
this provided a simple operational proof of the funda-
mental fact that the field vacuum contains entanglement
with respect to local modes.
Following these initial works, the entanglement har-
vesting protocol has been studied in much further detail.
For instance it has been shown that it is possible (al-
beit more difficult) to harvest entanglement from thermal
states in timelike [12, 13] and spacelike [14] separation.
It has also been shown that entanglement can be har-
vested from coherent [15] scalar field states, as well as
from the electromagnetic field vacuum using fully fea-
tured hydrogen-like atoms [16]. The sensitivities of the
protocol to the properties [17] and trajectories [18] of the
detectors, boundary conditions of the field [19], nature
of the detector-field couplings [20], as well as the geom-
etry [21] and topology [22] of the background spacetime
have also been investigated.
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2Besides their fundamental significance, the above stud-
ies are important in determining the optimal conditions
for an experimental realization of an entanglement har-
vesting protocol. On a positive note, it has been sug-
gested that such a protocol may be within reach using
current atomic and superconducting setups [23–25], and
in principle could provide a constant supply of Bell pairs
which could later be used for quantum information pur-
poses in entanglement farming protocols [26]. However,
many aspects, in particular with respect to potential im-
plementations, still need to be explored; one important
question being the energetic cost of entanglement har-
vesting, which could be particularly high in a low number
of spatial dimensions, as recently addressed in [27].
Whereas much of the previous literature focuses on
perturbative analyses of entanglement harvesting, the in-
teraction between particle detectors and relativistic fields
can be analyzed non-perturbatively in certain particular
setups. For example, significant work has been done to
develop tools that allow for the non-perturbative study
of harmonic oscillator detectors in diverse contexts (see,
e.g. [28–30]). On the other hand, for finite dimen-
sional detectors, non-perturbative time-evolution can be
computed when the detector’s Hamiltonian is completely
degenerate (i.e., all detector states have identical ener-
gies [12, 13, 31]), or when the detector interacts with
the field at one instant in time (i.e, via a Dirac-δ cou-
pling) [32, 33]. In particular, using these approaches,
the following no-go entanglement harvesting theorems
were proved: i) Perturbatively, it is not possible to har-
vest spacelike vacuum entanglement with zero-gap de-
tectors [34], and ii) non-perturbatively it is not possible
to harvest any kind of entanglement (timelike, lightlike,
or spacelike) from a coherent field state using single δ-
coupled detectors [15].
In this paper, using our general result on the inability
of target systems A and B to become entangled with a
source S, we will non-perturbatively explain the results i)
and ii) stated above using a single mathematical formal-
ism, while at the same time generalizing them to hold for
any field state.
This paper is organized by generality: We start in
Sec. II A by outlining the general setup of separable tar-
gets A and B that attempt to become entangled by in-
teracting with a source S. In Sec. II B we prove that if
A and B each interact with S through a single “simple-
generated” unitary (one that is the exponential of a
Schmidt rank 1 operator), then they cannot become en-
tangled. In Sec. II C, we show that if one of the targets
couples to S through two simple-generated interactions,
then A and B can become entangled under certain con-
ditions. Then, in Sec. III A we particularize these results
to the setup of UDW detectors interacting with a rela-
tivistic quantum field, which allows us to generalize two
previous no-go entanglement harvesting theorems regard-
ing i) degenerate detectors and ii) single Dirac-δ coupled
detectors. In Sec. III B we show how two δ-couplings
for one of the detectors could lead to entanglement har-
vesting. Surprisingly, and in stark contrast with previ-
ous perturbative studies, we find that for detector-field
couplings in the non-perturbative regime, an increase in
coupling strength leads to a decrease in the amount of
harvested entanglement. Natural units of ~ = c = 1 are
used throughout.
II. ENTANGLEMENT EXTRACTION WITH
SIMPLE-GENERATED INTERACTIONS
This section presents the central result of the article.
Whereas we later focus on its implications for entangle-
ment harvesting from a relativistic field, the result ap-
plies to the wider, general framework of entanglement
extraction from a source system to two target systems.
Therefore, we begin with a brief review of the general
setup.
Our main result refers to the interactions between the
source and target systems having a particular simple
shape, that is, that the unitary describing the interaction
is given by the exponential of a simple tensor product
operator. We show that a single simple-generated inter-
action of this kind gives rise to an entanglement-breaking
channel from the source to the target, such that entan-
glement extraction with only one interaction per target
is impossible. Instead, when using simple-generated in-
teractions, at least one target has to couple twice, i.e., at
least three interactions in total are required. We discuss
further necessary conditions on this minimal scenario and
illustrate them in terms of toy models.
A. Entanglement extraction from a source
We begin by reviewing the framework of entanglement
extraction. The general idea is that two parties A and B
want to entangle their local quantum systems (the tar-
gets) by extracting correlations that are originally con-
tained in a third quantum system (the source, S).
For instance, the source might be a spatially extended
quantum system such as a quantum many-body system
or a quantum field. A and B couple to separate parts of
S, the latter being in a state that contains entanglement
between spatially separated degrees of freedom. Exam-
ples of such states include the ground states of interacting
lattice theories or the vacuum state of a quantum field.
The total Hilbert space of the two targets and the
source is the tensor product
H = Ha ⊗Hs ⊗Hb, (1)
of the Hilbert space of the source Hs, and of the two
targets Ha and Hb. The latter two we here assume to be
finite-dimensional, while we allow Hs to be of any (finite
or infinite) dimension. Initially, before any interactions
take place, the three subsystems start out in a product
3state
ρˆ0 = ρˆ0,a ⊗ ρˆ0,s ⊗ ρˆ0,b, (2)
and the free dynamics of the system are generated by the
sum of the three free Hamiltonians
Hˆ0 = HˆA + HˆS + HˆB, (3)
where Hˆs is shorthand for 1a ⊗ Hˆs ⊗ 1b, etc.
We suppose that the two parties each only have access
to a limited part of the source, e.g., only to a certain re-
gion of spacetime when the source is a relativistic quan-
tum field. Their goal is to swap entanglement that is
present in the state ρˆ0,s between their respective regions
of access, onto their local target systems.
To achieve this the two targets A and B locally couple
to the source through time-dependent interaction Hamil-
tonians Hˆi,a(t) and Hˆi,b(t) (shorthand for Hˆi,a(t) ⊗ 1b,
etc.). However, no direct interaction Hamiltonian be-
tween the two targets is allowed. Also, we do not assume
any classical communication between the parties.
The interaction between A, B and S is then given by a
unitary operator Uˆ acting on the Hilbert space H. Cal-
culating this evolution operator is in general difficult. A
common approach, in particular in the context of pertur-
bation theory, is to write Uˆ as a Dyson expansion. In the
interaction picture, this is
Uˆ = 1− i
∫
dt Hˆi(t)−
∫
dt
∫ t
dt′ Hˆi(t)Hˆi(t′) + ... ,
(4)
where Hˆi(t) := Hˆi,a(t) + Hˆi,b(t). An alternative method
of expressing Uˆ is via the Magnus expansion [35], which
expresses the operator as
Uˆ = exp
 ∞∑
n=1
Ωˆn
 , (5)
where the lowest order terms read
Ωˆ1 = −i
∫ ∞
−∞
dt Hˆi(t),
Ωˆ2 = −1
2
∫ ∞
−∞
dt
∫ t
−∞
dt′ [Hˆi(t), Hˆi(t′)], (6)
and the higher-order terms, which are obtained recur-
sively, contain commutators of the commutators of the
interaction Hamiltonian Hˆi(t) at increasing orders.
The results and discussion of this section apply to any
system where the unitary Uˆ describing one coupling be-
tween a target (A or B) and the source S has the prop-
erty of being the exponential of an operator with Schmidt
rank 1. That is, Uˆ is generated by a Hamiltonian which
is a simple tensor product of two observables:
Uˆ = exp
(
−i mˆ⊗ Xˆ
)
, (7)
with mˆ acting on one of the targets and Xˆ acting on
the source system. In the following we will refer to such
interactions either as Schmidt rank 1 generated or just
as simple generated.
B. Single simple-generated interaction yields
entanglement-breaking channel
We will now show that no entanglement can be ex-
tracted from the source if both targets each couple to
the source system with only one simple-generated inter-
action. Instead, entanglement extraction can only be
achieved if at least one of the targets is coupled to S
through at least two simple interactions.
The reason for this is that when a target (say A) and
the source, which are initially in a product state, interact
via a single simple-generated unitary Uˆa, the map from
the source’s initial state to the final state of the target,
ρˆ0,s 7→ ρˆa = Trs
[
Uˆa
(
ρˆ0,a ⊗ ρˆ0,s
)
Uˆ†a
]
, (8)
is an entanglement-breaking quantum channel.
Entanglement-breaking channels are characterized by
the property that when they receive only a part of a larger
system as input, which may be entangled with other de-
grees of freedom, then the output of the channel is always
in a separable state with the rest of the larger system.
That is, any entanglement between the input and the en-
vironment is broken and the output is not entangled with
the environment anymore [36].
To see why channels of the form (8) are entanglement
breaking, let us recast the simple-generated unitary Uˆa
in the form of a controlled unitary:
Uˆa = exp
(
−i mˆ⊗ Xˆ
)
=
∑
k
exp (−ixkmˆ)⊗ |xk〉〈xk| . (9)
Here we are assuming that the self-adjoint operator Xˆ,
acting on the source system, has the discrete spectral
decomposition Xˆ =
∑
k xk |xk〉〈xk| with xk ∈ R. This
is true by the spectral theorem if Xˆ is a compact (and
hence bounded) operator. The more general case of a
non-bounded Xˆ — which is indeed the case if Xˆ is a
smeared field operator acting on the Hilbert space of a
quantum field — is treated in detail in Appendix A.
Writing Uˆa in the form of Eq. (9) allows us to un-
derstand the action of Uˆa as acting with the unitary
exp (−ixkmˆ) on the target system A, conditional on the
source S being in the state |xk〉. In this sense, it can even
be understood as a measurement of Xˆ on the source by
the target system. Then, from Eq. (8), we see that the
final partial state ρˆa of A following its interaction with S
is
ρˆa =
∑
k
〈xk|ρˆ0,s|xk〉 exp (−ixkmˆ) ρˆa,0 exp (ixkmˆ) . (10)
4This is exactly the general form of an entanglement-
breaking quantum channel from the source’s initial state
to the target’s final state [36, 37].
In the context of entanglement extraction this means
that if the target system that is the last to interact with
the source is coupling through a single simple-generated
unitary, i.e., a unitary of the form in Eq. (7), then that
target system always ends up in a separable state with its
environment, where in this case the environment includes
the other target system. Hence, in this general scenario
no entanglement can be extracted by the targets A and
B from the source S, irrespective of the specific details of
the interaction.
C. Entanglement extraction by combining simple
generated couplings
Having seen that it is impossible to entangle the tar-
gets A and B using only two simple-generated couplings,
the question arises whether it is possible to entangle the
targets by combining more than two simple-generated
interactions? In the following we show that it is possi-
ble to get the two targets entangled by coupling one of
them once and the second one twice to the source through
simple-generated interactions, under certain conditions.
Let us denote the unitaries describing the two interac-
tions of target A with the source S by
Uˆa1 = exp
(
−imˆa1 ⊗ Xˆa1
)
, (11)
Uˆa2 = exp
(
−imˆa2 ⊗ Xˆa2
)
, (12)
and the unitary describing the single coupling of target
B to S by
Uˆb1 = exp
(
−imˆb1 ⊗ Xˆb1
)
. (13)
It follows from the previous section that if the interac-
tion Uˆb1 takes place last, then the targets A and B always
end up in a separable space. Hence, A and B can only
get entangled if the coupling between B and S, given by
the unitary Uˆb1 , takes place before at least one of A’s
couplings.
When target B is coupled to the source first and then
follow the two couplings of A, the product of the two cou-
plings Uˆa1Uˆa2 must not yield an entanglement-breaking
channel from the field to target A, otherwise A and B
would once again end up in a separable state. In order
for this not to occur it is necessary that the two observ-
ables Xˆa1 and Xˆa2 do not commute.
To see this, suppose instead that [Xˆa1 , Xˆa2 ] = 0. Then,
the two observables Xˆa1 and Xˆa2 can be simultaneously
diagonalized as
Xˆa1 =
∑
k
a
(1)
k
∣∣xa,k〉〈xa,k∣∣ , (14)
Xˆa2 =
∑
k
a
(2)
k
∣∣xa,k〉〈xa,k∣∣ . (15)
Therefore the product Uˆa1Uˆa2 of the unitaries governing
the interactions between A and S can be expressed as∑
k
exp
(
−ia(1)k mˆa1
)
exp
(
−ia(2)k mˆa2
)
⊗∣∣xa,k〉〈xa,k∣∣, (16)
which again has the form of a controlled unitary gate
(performing a unitary on the target system conditional
on the source system’s state) and, therefore, gives rise
to an entanglement-breaking channel from the source to
target A.
This observation, together with the fact that it is
necessary to have [Xˆb1 , Xˆan ] 6= 0 in order to obtain
[Uˆb1 , Uˆan ] 6= 0, leads to the conclusion that if more than
one of the three commutators [Xˆa1 , Xˆa2 ], [Xˆb1 , Xˆa1 ] and
[Xˆb1 , Xˆa2 ] vanish, then, regardless of the order in which
they interact with the source S, the targets A and B
always end up in a separable state. This is simply be-
cause if two of these commutators vanish then it is always
possible to rearrange the product of unitaries Uˆb1Uˆa1Uˆa2
(or Uˆa1Uˆb1Uˆa2) such that it ends with an entanglement-
breaking coupling from the system to the corresponding
target.
To demonstrate that entangling two targets via three
simple-generated interactions is possible if one satisfies
the above described necessary condition, we can con-
struct simple toy models where both targets as well the
source are modelled by single qubits. In this case we
can use the CNOT-gate between two qubits as a simple-
generated interaction between target and source,
UˆCNOT = exp
[
−ipi (2 |0〉〈0|+ |1〉〈1|)
⊗ (2 |+〉〈+|+ 3 |−〉〈−|)] . (17)
Here, we will allow either the target quantum system or
the source quantum system to play the role of the control
gate in the CNOT. Fig. 1 shows examples of circuits that
achieve entanglement between the target qubits through
an interaction with a single source qubit. In each of the
three cases a different commutator [Uˆb1 , Uˆa1 ], [Uˆb1 , Uˆa2 ],
or [Uˆa1 , Uˆa2 ] vanishes.
Arguably, the toy models of Fig. 1 do not technically
represent entanglement extraction from the source, since
the very notion of entanglement extraction from a single
qubit onto two qubits does not make sense. Rather, the
toy models are showing a mechanism of entangling the
targets through communication via the source.
In fact, the finding above that at most one pair out
of Xˆb1 , Xˆa1 , Xˆa2 may commute for entanglement extrac-
tion to be possible, implies that three simple-generated
interactions can only entangle the target systems if they
could alternatively be used to implement a communica-
tion channel from A to B or vice versa. This is because if
a commutator of the form [Xˆb1 , Xˆa1 ] is non-vanishing,
then the corresponding pair of interactions could also
be used to send information from target A to target
B [38, 39].
5|0〉A •
|0〉S •
|+〉B •
|0〉A •
|+〉S • •
|0〉B
|0〉A
|+〉S • •
|+〉B •
1
FIG. 1. Qubit toy models for protocols that entangle the tar-
get systems A and B using three CNOT gates with the source
S, which are examples of simple-generated interactions. From
the top to the bottom the commutators [Uˆb1 , Uˆa2 ], [Uˆb1 , Uˆa1 ]
and [Uˆa1 , Uˆa2 ] vanish respectively. The first two examples
yield the final state 1√
2
(|00〉+ |11〉)
ab
⊗ |0〉s whereas the last
one yields 1√
2
(|00〉+ |11〉)
ab
⊗ |+〉s.
There is another observation which suggests that en-
tangling two target systems with three simple-generated
interactions really corresponds to correlating them
through communication rather than extracting entangle-
ment from the source. This is the fact that it is not
possible to genuinely extract entanglement from a source
consisting of a pair of qubits with only three simple-
generated interactions.
To see this, we assume that the source is given by a
pair of qubits in some entangled state. (Cf. Fig. 2, which
shows genuine extraction from this toy model using four
interactions.) Let B be the target system that couples
only once, and hence only interacts with one of the source
qubits. Then, in order for A and B to have any chance of
extracting pre-existing entanglement from S, the target A
needs to use its two interactions to couple to each of the
two source qubits once, since otherwise the pre-existing
entanglement between the source qubits would not be of
any significance to the protocol.
Now, operators that act on only one source qubit com-
mute with operators that act on the other source qubit.
This implies that the interaction of B with one source
qubit commutes with the interaction of A with the other
source qubit. However, both interactions of A with the
source also commute with each other because they act
on different source qubits. This means that two out of
the three possible pairings of observables generating the
interactions, Xˆb1 , Xˆa1 , Xˆa2 , commute. Thus by the argu-
ment above the targets end up in a separable state.
The only possible way to get the two targets to be-
come entangled is to use all three couplings to interact
with only one of the source’s qubits. Clearly, such a pro-
tocol does not access the pre-existing entanglement in the
|0〉A •
|0〉S •
|+〉B •
|0〉A •
|+〉S • •
|0〉B
|0〉A
|+〉S • •
|+〉B •
|0〉A •
•
•
|Φ+〉
|0〉B •
1
FIG. 2. Qubit toy model demonstrating that four simple-
generated interactions (here CNOT gates) can extract pre-
existing entanglement from a source, which is modelled as
a pair of qubits in the maximally entangled state |Φ+〉s =
1√
2
(|00〉+ |11〉). The circuits swaps the entanglement onto
the targets. The final state reads 1√
2
(|00〉+ |11〉)
ab
⊗ |00〉s.
source at all. In fact, entanglement between the accessed
source qubit and the other source qubit impedes, rather
than facilitates, the entanglement of the two target sys-
tems.
In summary, it is possible to achieve entanglement be-
tween two target systems with three simple-generated
couplings. However, in these scenarios the couplings need
to be such that they could also be used to send infor-
mation from one of the targets to the other (not neces-
sarily in both directions): The source system seems to
play the role of a communication medium which serves
to correlate the two targets. Genuine extraction of pre-
existing entanglement from the source system, e.g., by
spacelike separated observers, seems to require at least
four simple-generated couplings. A toy model example
of this is shown in Fig. 2.
III. APPLICATIONS TO ENTANGLEMENT
HARVESTING
A frequently studied physical system to which we will
now apply our results is the entanglement harvesting
setup, in which two qubits (the targets) attempt to be-
come entangled by interacting with a quantum field (the
source). This will allow us, in Sec. III A, to general-
ize previous no-go entanglement harvesting results, as
well as provide a unified explanation for why they hold.
Then in Sec. III B we will non-perturbatively explore the
simplest coupling scenario between qubits and field (i.e.,
three Dirac-δ couplings) through which the qubits are
able to harvest field entanglement. In particular, and
in contrast to perturbative results, we will show that the
amount of extracted entanglement decreases above a cer-
tain optimal value for the coupling strength.
To that end, consider the scalar field φˆ(x, t) in (n+1)-
dimensional flat spacetime, which can be expanded in
plane wave modes as
φˆ(x, t) =
∫
dnk√
2(2pi)n|k|
[
aˆ†ke
i(|k|t−k·x) + H.c.
]
. (18)
We denote the two qubits (also called detectors) by ν ∈
6{A,B}, their free ground and excited states by |gν〉 and
|eν〉, and their energy gaps by Ων . Suppose that the two
detector-field system starts out in the arbitrary separable
state
ρˆ = ρˆa ⊗ ρˆφ ⊗ ρˆb, (19)
in the Hilbert space Ha⊗Hφ⊗Hb. We will assume that
the detectors are at rest at positions xν (in the (x, t)
coordinate system in which we performed the field quan-
tization), and we let Fν(x) be real valued distributions
(dimensions of L−n) describing the detectors’ spatial pro-
files. We allow detector ν to interact with the quantum
field through the interaction Hamiltonian (in the inter-
action picture)
Hˆi,ν(t) = λ˜νχν(t)mˆν(t)⊗
∫
dnxFν(x−xν)φˆ(x, t). (20)
Here λ˜ν is a coupling strength (dimension L
(n−3)/2),
χν(t) is a dimensionless switching function that describes
how the detector is turned on and off, and mˆν is the
monopole moment of detector ν,
mˆν(t) = |eν〉〈gν |eiΩνt + |gν〉〈eν |e−iΩνt. (21)
The type of interaction between detector and field given
by Eq. (20) is the well-known Unruh-DeWitt interac-
tion [8], which captures the essential features of the light-
matter interaction when angular momentum exchange
can be ignored [16, 40, 41].
The result that follows in Sec. III A can straightfor-
wardly be extended to detectors with arbitrary trajecto-
ries, but in this case care must be taken to specify each
detector’s parameters (energy gap, switching function,
smearing function) in the detector’s own rest frame, and
then perform appropriate coordinate transformations in
order to get the interaction Hamiltonian in the lab frame
(x, t) [42]. In order to avoid going into these details and
obscuring our main objective, we will consider only sta-
tionary detectors.
A. Null result for entanglement harvesting
We will now show examples of two classes of Unruh-
DeWitt interactions between two detectors and the field
for which the interaction Hamiltonian in Eq. (20) gen-
erates a time-evolution unitary that is of the “simple”
form in Eq. (7), and therefore, by our general result in
Sec. II B, these interactions are unable to extract en-
tanglement from the field to the detectors. These two
classes of interactions are i) the case of degenerate de-
tectors [12, 13, 34, 43], and ii) the case of detectors that
couple to the field at one instant in time (i.e., through a
Dirac-δ function) [15]. Importantly, both i) and ii) are
prevalent interactions considered in the literature, due
to their physical significance as well as the fact that they
allow for non-perturbative studies of detector-field inter-
actions [15, 43], something that is difficult to do in other
regimes.
To that end, suppose now that the interaction Hamil-
tonian Hˆi(t) between the detectors and the field, given
in Eq. (20), is such that the time-evolution unitary Uˆ of
the system, given in Eqs. (4) and (5), reads
Uˆ = (1a ⊗ Uˆbφ)(Uˆaφ ⊗ 1b), (22)
where Uˆνφ is a unitary on the Hilbert space Hν ⊗ Hφ,
and is given
Uˆνφ = T exp
(
−i
∫ ∞
−∞
dt′Hˆi,ν(t′)
)
. (23)
This form for Uˆ is achieved, for instance, if detectors A
and B are spacelike separated during the times of their
interactions with the field, or, alternatively, if detector A
is finished coupling to the field before detector B couples,
i.e. if suppχa(t) ⊆ (−∞, t˜ ] and suppχb(t) ⊆ [t˜,∞) for
some t˜ ∈ R.
Given the initial separable state ρˆ0 in Eq. (19) for
the detectors-field system, and assuming that the sys-
tem evolves according to the unitary Uˆ in Eq. (22), we
would like to determine whether the two detectors can
become entangled (i.e. harvest entanglement) through
their interactions with the field.
We see that the system first evolves according to the
unitary Uˆaφ ⊗ 1b, which puts it in a state ρˆaφ ⊗ ρˆb,
where ρˆaφ is an arbitrary (possibly entangled) state in
the Hilbert space Ha⊗Hφ. Now to obtain the final state
of the two detectors, we need to couple Bob to the field
by applying the unitary 1a⊗ Uˆbφ, and then trace out the
field. This corresponds exactly to applying the channel
1a ⊗ ξ to the state ρˆaφ, where ξ maps states in Hφ to
states in Hb and is defined by
ξ(ρˆφ) := Trφ
[
Uˆbφ
(
ρˆφ ⊗ ρˆb
)
Uˆ†bφ
]
. (24)
Now, notice that if the unitary Uˆbφ is of the form
Uˆbφ = exp
(
−imˆb ⊗ Xˆb
)
, (25)
then from the discussion in Sec. II B the channel ξ is
entanglement-breaking, and hence the final state of Al-
ice and Bob is separable. We will now show two example
interactions where Uˆbφ takes the form in Eq. (25); i.e.
interactions for which Alice and Bob cannot harvest en-
tanglement from the field.
1. Degenerate detector
The unitary Uˆbφ in Eq. (23) can be expressed in the
Magnus form (5), i.e., as
Uˆ = exp
 ∞∑
n=1
Ωˆn
 , (26)
7where the lowest order terms read
Ωˆ1 = −i
∫ ∞
−∞
dt Hˆi,b(t), (27)
Ωˆ2 = −1
2
∫ ∞
−∞
dt
∫ t
−∞
dt′ [Hˆi,b(t), Hˆi,b(t′)], (28)
and the higher-order terms, which are obtained recur-
sively, contain commutators of the commutators of the
interaction Hamiltonian Hˆi,b(t) at increasing orders.
In the case of a degenerate Unruh-DeWitt detector
B, i.e. if Ωb = 0, these higher order terms all vanish.
(Note that the energy gap Ωb of detector B should not
be confused with the Magnus expansion terms Ωˆi.) To
see this, first note from Eq. (21) that mˆb, the tensor
factor of Hˆi,b(t) corresponding to the detector, has no
time-dependence if Ωb = 0. Hence
Hˆi,b(t) = λ˜bχb(t)mˆb ⊗ Φˆ(t), (29)
where Φˆ(t) is the smeared field observable defined by
Φˆ(t) :=
∫
dnxFb(x− xν)φˆ(x, t). (30)
Because the commutator of the field with itself is propor-
tional to the identity, we have that [Hˆi,b(t), Hˆi,b(t
′)] ∝
mˆb ⊗ 1φ, and hence that all higher order commutators
of Hi,b with itself at different times vanish. Hence Ωˆk is
identically zero for all k ≥ 3. Using Eqs. (26), (27) and
(28) then allows us to write Uˆbφ in the form of Eq. (25),
with Xˆb defined as
Xˆb :=
∫ ∞
−∞
dt λ˜χb(t)Φˆ(t) (31)
+
i
2
∫ ∞
∞
dt
∫ t
−∞
dt′ λ˜2χb(t)χb(t′)[Φˆ(t), Φˆ(t′)].
We therefore arrive at the following conclusion: Sup-
pose that two UDW detectors A and B interact with the
field such that i) they are spacelike separated, or ii) de-
tector A interacts with the field strictly before detector
B. Then, if detector B is degenerate, the detectors can-
not harvest any entanglement from the field. This is a
generalization of the perturbative result in [34], where
it was shown that identical, degenerate detectors that
satisfy the condition i) or ii), cannot harvest entangle-
ment from the field vacuum. Here, just by investigat-
ing the commutator structure of the detector-field inter-
action Hamiltonian (i.e. without any lengthy calcula-
tions), we have shown that this is indeed true in the non-
perturbative regime, for non-identical detectors, and for
any field state.
2. Delta-coupled detector
Let us now suppose that the switching function for (the
possibly non-degenerate) detector B is a delta function,
χb(t) = ηbδ(t− tb). (32)
Here ηb has dimensions of L and it characterizes the
strength of detector B’s coupling to the field. Since this
is the same as the role played by the coupling strength
λ˜b, we will from here on combine the two as an overall
coupling strength λb := λ˜bηb. Hence we are now par-
ticularizing our discussion to interactions where detector
B interacts with the field at only one instant in time, tb,
but with an infinite intensity. Therefore, the total energy
exchanged between detector and field is still finite. Such
interactions, which we will refer to as δ-couplings, can be
viewed as idealized limits of highly intense interactions
occurring over short time intervals (see [15] for a more
detailed discussion).
Assuming such a switching function, immediately from
Eq. (23) we see that the unitary Uˆbφ governing the time
evolution of detector B with the field is of the form in
Eq. (25), with mˆb := mˆb(tb) and Xˆb defined as
Xˆb := λb
∫
dnxFb(x− xb)φˆ(x, tb). (33)
We therefore arrive at the following conclusion: Sup-
pose that two UDW detectors A and B interact with the
field such that i) they are spacelike separated, or ii) de-
tector A interacts with the field strictly before detector
B. Then, if detector B interacts with the field at only one
instant in time (i.e. through a δ-function, then the de-
tectors cannot harvest any entanglement from the field.
This is a generalization of the result obtained in [15],
where it was shown that detectors that each couple to the
field once cannot harvest entanglement from any coherent
state of the field. Here, just by investigating the commu-
tator structure of the detector-field interaction Hamil-
tonian (i.e. without any lengthy calculations), we have
shown that this is indeed true for a much more general
class of coupling setups, and for any (not necessarily co-
herent) state of the field.
B. Simplest setup for entanglement harvesting
with δ-couplings
The case of Alice and Bob each δ-coupling once to the
field has already been studied in Ref. [15]. The results of
[15] are a particular example of the general result that we
discussed in the previous section: two detectors that each
δ-couple to the field once cannot become entangled with
one another. In this section we will show the simplest ex-
ample where the detectors can become entangled: Alice
(A) coupling twice and Bob (B) once. The three possible
ways for this occur is AAB (A first coupling twice, then
B once), ABA, and BAA. As discussed in Sec. III A we
know that the first of these schemes (AAB coupling) is
incapable of harvesting entanglement, while the harvest-
ing abilities of detectors in the remaining two coupling
setups (ABA and BAA) are constrained by our general
findings in Sec. II C.
For simplicity, let us work in (3 + 1)-dimensions and
suppose the detectors and field are each in their free
8ground states, so that the initial state of the system,
|ψ0〉, reads
|ψ0〉 = |ga〉 ⊗ |gb〉 ⊗ |0〉 ∈ Ha ⊗Hb ⊗Hφ. (34)
Furthermore we suppose the detectors are stationary in
the inertial frame in which we performed the field quan-
tization, and that their centers of mass are located at
xa = xb = 0. We allow the detectors and field to inter-
act according to the Hamiltonian
Hˆi(t) = Hˆ
(1)
i,a (t) + Hˆ
(2)
i,a (t) + Hˆ
(1)
i,b (t), (35)
where the Hˆ
(i)
i,ν (t) is defined as
Hˆ
(i)
i,ν (t) = λνδ(t− tνi)mˆν(t)⊗
∫
d3xFν(x)φˆ(x, t). (36)
We will take λa = λb/2 = λ so that detector A (which
couples twice to the field) and detector B (which couples
once) interact with the field with the same overal “total
strength”. The time-evolution unitary Uˆ generated by
the interaction Hamiltonian (35) is given by
Uˆ =

Uˆb1Uˆa2Uˆa1 if ta1 ≤ ta2 ≤ tb1 ,
Uˆa2Uˆb1Uˆa1 if ta1 ≤ tb1 ≤ ta2 ,
Uˆa2Uˆa1Uˆb1 if tb1 ≤ ta1 ≤ ta2 ,
(37)
where Uˆνi is the unitary generated by Hˆ
(i)
i,ν .
We will set the detector smearing function Fν(x) to be
Fν(x) =
3
4piσ3
Θ
(
1− |x|
σ
)
, (38)
where Θ is the Heaviside theta function, σ is the spatial
width of the detector, and the prefactor 3/4pi is chosen
so that
∫
d3xF (x) = 1. Notice that the support of Fν is
the sphere of radius σ centered at x = 0. Hence if detec-
tors A and B interact with the field through unitaries Uˆa
and Uˆb at times ta and tb, then the detectors are fully
timelike separated during their interactions if and only if
|ta − tb| > 2σ. Note also that in (3+1)D flat spacetime
[φˆ(x), φˆ(x′)] 6= 0 if and only if x and x′ are null sepa-
rated. Therefore for our choice of detector smearing, if
|ta − tb| > 2σ then Uˆa and Uˆb necessarily commute, and
by the results of the previous section they cannot har-
vest entanglement. We will now show to what extent the
detectors can get entangled when they are able to signal
to each other (i.e. when they are not completely timelike
nor spacelike separated).
The time-evolved state of the two detectors after their
interactions with the field, denoted ρˆab, is obtained by
applying the unitary Uˆ in Eq. (37) to the initial state
|ψ0〉 in Eq. (34) and tracing out the field, i.e.
ρˆab = Trφ
(
Uˆ |ψ0〉〈ψ0|Uˆ†
)
. (39)
We carefully evaluate this expression in Appendix B. In
the basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉}, ρˆab reads
ρˆab =

ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44
 , (40)
where the entries ρij are dependent on the choice of uni-
tary in Eq. (37), and are also evaluated in Appendix B.
We will quantify the entanglement of ρˆab using the
negativity N , which is an entanglement monotone that
vanishes only for separable states [44, 45]. The negativity
is defined as N := −∑i min(Ei, 0), where Ei are the
eigenvalues of the partial transpose of ρˆab (with respect
to either system A or B). From Eq. (40), we find the Ei
to be
E1 =
1
2
(
ρ22 + ρ33 +
√
(ρ22 − ρ33)2 + 4|ρ23|2
)
, (41)
E2 =
1
2
(
ρ22 + ρ33 −
√
(ρ22 − ρ33)2 + 4|ρ23|2
)
, (42)
E3 =
1
2
(
ρ11 + ρ44 +
√
(ρ11 − ρ44)2 + 4|ρ14|2
)
, (43)
E4 =
1
2
(
ρ11 + ρ44 −
√
(ρ11 − ρ44)2 + 4|ρ14|2
)
. (44)
The eigenvalues Ei of the partial transpose of ρˆab, and
hence the negativity N , are functions of the following
parameters: the times ta1 , ta2 , and tb1 at which the de-
tectors couple to the field, the strength λ with which
the detectors couple to the field, as well as the energy
gaps Ωa and Ωb of the detectors. We investigate each of
these dependencies below. For simplicity we will set the
units of length to be σ, which is half the spatial width
of a detector. Hence the units of energy and λ (in 3+1
dimensions) are σ−1.
First suppose that ta1 ≤ ta2 ≤ tb1 . With these con-
straints, we are not able to find any parameter values
which give a non-zero negativity. This is, of course,
expected from our result in Sec. III A: the single cou-
pling between detector B and the field is entanglement-
breaking, and hence if B couples last, regardless of the
way A couples the final state of A and B will be separable.
What happens if we constrain the coupling times by
tb1 ≤ ta1 ≤ ta2? In this case, we do find parameter val-
ues for which the negativity is non-vanishing, as is shown
in Fig. 3. In this plot we see that the negativity is a pe-
riodic function of the energy gap Ωa of detector A, with
period T = 2pi/(ta2 − ta1). This is due to the fact that
detector A evolves freely for a time interval ta2 − ta1 be-
tween its two couplings with the field. Adding a multiple
of T to the detector’s free frequency Ωa will not alter
the phase it picks up during its free evolution. Notice
also from Fig. 3 that if the phase difference Ωa(ta2 − ta1)
is a multiple of 2pi (i.e. Ωa ∈ 4piZ for the solid curve,
and Ωa ∈ 2piZ for the dashed curve), then the detectors
cannot harvest entanglement. This comes about because
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FIG. 3. Negativity N of a two qubit system as a function of
the energy gap Ωa of qubit A. Here the coupling scheme is
BAA, tb1 = 0, ta1 = 0.5, λ = 0.1, and recall that σ is the
spatial width of the detectors. The plot is the same for all
values of Ωb since detector B only couples once. We plot the
results for two values of ta2 . Notice that N is periodic in Ωa
with period 2pi/(ta2 − ta1).
such a phase difference ensures that Alice’s two couplings
to the field are through the same detector observable, and
hence they result in a unitary that is the exponential of
a Schmidt rank 1 operator, which, as we have shown, re-
sults in an entanglement-breaking channel. Reassuringly,
we also find the negativity to be independent of Ωb. This
is as expected: since detector B interacts with the field
at only one instant in time, any observable phenomenon
(like the negativity) is independent of its free evolution,
and thus its frequency Ωb.
These findings allow us to strongly weigh in on the dis-
cussion presented in Ref. [15], where the authors found
that two detectors that each δ-couple to the field cannot
extract any entanglement. Two possible physical expla-
nations were suggested: i) that the sudden δ-couplings
induced too much local noise, which is known to have
adverse effects on the amount of harvestable entangle-
ment [11, 17], or ii) that the lack of harvestable entan-
glement was a result of each detector not experiencing
any free dynamics due to the fact that it only couples to
the field at one instant in time. The second explanation
is nicely complemented by the perturbative result that
degenerate detectors, which also experience a lack of free
dynamics, cannot harvest entanglement from the vacuum
at leading order [34]. We now see that this intuition in
ii) seems to be correct. Namely, we have shown that it is
indeed possible to harvest entanglement by δ-coupling to
the field (therefore the noisy nature of δ-couplings cannot
be a critical constraint), but it is necessary for at least
one of the detectors to couple more than once to the field
(and hence experience non-trivial free evolution).
Let us now explore the dependence of the negativity
on the coupling strength λ of the detectors to the field.
In Fig. 4, we notice that in the weak-coupling regime
λ  1 (in units of σ−1), N scales as λ2. This is a fa-
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FIG. 4. Square root of negativity N as a function of the
strength λ with which detectors couple to the field. Here the
coupling scheme is BAA, tb1 = 0, ta1 = 0.5, ta2 = 1, Ωa = 3,
and recall that σ is the spatial width of the detectors. The
plot does is the same for all values of Ωb since detector B only
couples once. As expected, N ∼ λ2 for λ  1. Interestingly
the dependence is drastically different in the non-perturbative
(λ & 1) regime.
miliar result from perturbative studies [17, 46], where it
has been shown that the leading order contribution to
N is of O(λ2). Notice however, that this trend does not
continue into the non-perturbative (λ & 1) regime. In
fact, remarkably, N reaches a maximum and then rapidly
drops to zero at a finite value of λ, remaining zero there-
after. That is, in the strong coupling regime, increasing
the coupling strength seems to be detrimental to entangle-
ment harvesting, at least for delta-couplings. It is possi-
ble that this phenomenon is due to the “noisy” nature of
δ-couplings becoming significant in this regime, but more
work needs to be done to confirm this.
To conclude this section, let us consider how the times
at which the detectors couple to the field affect whether
they can become entangled. Concretely, let us again con-
sider the BAA coupling scheme, where we set tb1 = 0.
From Fig. 5, we see that there is only a finite region in the
ta1 − ta2 plane in which the detectors, by appropriately
tuning the energy gap Ωa, could become entangled. This
can be contrasted with the result in [17], where it was
shown that (spacelike separated) detectors with Gaus-
sian switching profiles can always harvest entanglement
by increasing their energy gaps, regardless of separation
distance.
Our result for δ-coupled detectors can be understood
by our result in Sec. II C: in order for two detectors δ-
coupling to the field three times in total to become en-
tangled, the values of ta1 and ta2 (with tb1 fixed) must be
such that at least two of the three unitary commutators
[Uˆb1 , Uˆa1 ], [Uˆb1 , Uˆa2 ], and [Uˆa1 , Uˆa2 ] are non-vanishing.
(Recall that in 3+1D flat spacetime, unitaries Uˆa and
Uˆb at times ta and tb commute iff the detectors at these
times are not in null contact.) Indeed, the shaded region
in Fig. 5 corresponds to values of ta1 and ta2 that satisfy
this property. We notice however that this commutator
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FIG. 5. Shaded region indicates values of ta1 and ta2 for
which detectors A and B can become entangled (N > 0) with
an appropriate choice of Ωa. Note that in the entire shaded
region [Uˆb1 , Uˆa1 ] and [Uˆa1 , Uˆa2 ] are non-zero, while the inset
shows that N > 0 is possible even if [Uˆb1 , Uˆa2 ] = 0, i.e., if
ta2 > 2. The point at (ta1 , ta2) = (0.2, 1.9) shows that N
could be zero even if none of the three commutators vanish.
Here the coupling scheme is BAA, tb1 = 0, λ  1 such that
N ∼ λ2, and Ωa is arbitrary. The dashed line in the main
plot shows ta1 = ta2 .
condition on entanglement extraction is necessary but
not sufficient: there exist values of ta1 and ta2 (for exam-
ple ta1 = 0.2, ta2 = 1.9) for which at least two unitary
commutators are non-vanishing, yet for which entangle-
ment harvesting is not possible.
IV. CONCLUSIONS
We have investigated the reasons why, in the analysis
of entanglement harvesting from quantum fields, there
were known regimes where entanglement harvesting was
not possible. Prompted by these no-go results, we have
studied the more general problem of entangling a bipar-
tite separable system through bi-local interactions with
a bipartite entangled source.
Concretely, we have considered the general setup of a
separable target system A-B interacting locally with an
entangled source S. Assuming knowledge of the Hamil-
tonian governing the time evolution of the system, we
addressed the pertinent question: under what conditions
does the target system A-B become entangled following
the interaction?
For a general class of Hamiltonians Hˆ that are fre-
quently considered in the literature, we found a necessary
condition that Hˆ must obey in order for A and B to be
able to extract entanglement from the source. Namely,
we showed that if the time-evolution unitary Uˆ generated
by Hˆ is of the form Uˆ = (1a⊗Uˆbs)(Uˆas⊗1b) (i.e target A
interacts with the source before target B), and Uˆb is the
exponential of a Schmidt rank 1 operator, then A and B
cannot become entangled via their interactions with the
source.
With this result we have generalized all previously
known no-go theorems for entanglement harvesting [15,
34]. The significance of this result arises from the fact
that Hamiltonians satisfying the above conditions are
commonly used in non-perturbative studies of first quan-
tized systems interacting with quantum fields [15, 31].
Hence the criterion stated above can be used to prove
non-perturbative results for these systems.
For instance, our general result generalizes one of the
main results of Ref. [34]. There it was shown that, to
leading order in perturbation theory, identical and de-
generate UDW detectors with non-overlapping switch-
ing functions cannot harvest any entanglement from the
field vacuum in a flat spacetime of any dimensional-
ity. In [34] it is also shown that degenerate detectors
with overlapping switchings, and spherically symmetric
smearings, entanglement harvesting is only possible in
timelike separation. Our result extends this claim to the
non-perturbative regime, for not necessarily identical de-
tectors of any shape, and for any arbitrary field state.
There is an important advantage to the method we
used to achieve these generalizations here: The conclu-
sions followed from a direct inspection of the system’s
Hamiltonian without the need to first explicitly evaluate
the final state of the detectors.
Similarly, we were able to generalize the result that two
UDW detectors (not necessarily degenerate), each inter-
acting with the quantum field through a single Dirac-δ
coupling, cannot harvest any entanglement from any co-
herent field state [15]. Namely, we find that this is the
case for any arbitrary field state. Again, with our general
criterion at hand, this particular result follows immedi-
ately from an inspection of the system’s Hamiltonian,
without the need for laborious calculations of the sys-
tem’s time evolution.
Finally, having seen that two δ-couplings are not
enough to entangle a pair of UDW detectors, we showed
the simplest example of a coupling scheme in which the
detectors do become entangled through δ-interactions.
For detectors that are able to communicate, i.e. are in
timelike separation, three δ-couplings are sufficient (two
for detector A, one for detector B), while for spacelike
separated detectors four δ-couplings are required (two
per detector).
For the case of three couplings, we found a remarkable
non-perturbative result: When the coupling strength λ
between the detectors and the field is small (compared to
other scales with the same dimensions), then the amount
of entanglement harvested by the detectors grows as
λ2. This was expected from previous perturbative stud-
ies [17]. However, as λ exits the perturbative regime this
trend reverses itself, the extracted entanglement begins
to decrease, and for λ larger than some critical value
the detectors are not able to extract any entanglement
from the field at all. We conjecture that this is due to
the “noisy” nature of the sharp and intense δ-couplings,
which may manifest itself only in the non-perturbative,
strong coupling regime.
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The results of this article give rise to new questions
in the context of entanglement extraction, in general,
and entanglement harvesting from quantum fields, in
particular. For instance, our results reveal that it may
be necessary to distinguish between the genuine extrac-
tion of pre-existing entanglement from a source, and the
generation of entanglement between the targets through
communication-assisted correlation via the source. This
was illustrated by the qubit toy models which demon-
strated how two target systems can become entangled
by three simple generated interaction unitaries. There,
pre-existing entanglement in the source system was not
required, and would in fact be a hindrance to achiev-
ing entanglement between the targets. Furthermore we
showed that, in full generality, when no communication
between A and B is possible, i.e., when their couplings
to the source commute with each other, then at least two
simple generated interactions per target are necessary to
achieve genuine entanglement extraction from the source.
It is particularly interesting to apply these considera-
tions to entanglement harvesting from relativistic fields,
where the ability to communicate between the targets
is determined by their separation being spacelike, null
or timelike. Here, our earlier discussion implies that δ-
coupled detectors that are spacelike separated need at
least four interactions to extract entanglement from the
field. Protocols that only use three δ-couplings in total,
meanwhile, can only succeed in extracting entanglement
if the detectors are located such that they can commu-
nicate via the field. All these factors together suggest
that the triple δ-coupling protocols, while entangling the
targets through detector-field coupling, may not be an
example of genuine harvesting of entanglement from the
field. Instead, one would need to use at least four δ-
coupling to truly harvest pre-existing entanglement from
the field’s degrees of freedom onto the target detectors.
As a final remark, another direction in which these
results could be extended is to investigate how close to
a simple generated interaction a target-source interac-
tion can be in order for it to allow for entanglement ex-
traction. It is likely that there is a larger class of in-
teractions, containing the simple generated interactions,
for which entanglement extraction still is not possible.
A concept that may be useful to achieve this general-
ization is the class of entanglement-annihilating chan-
nels [47–49]. In particular, the entanglement-breaking
channels that we considered in this article are a strict
subset of the 2-locally entanglement-annihilating chan-
nels [47]. However, bipartite (or more generally k-
partite) entanglement extraction is impossible already if
the source-target interaction yields a 2-locally (or gener-
ally k-locally) entanglement-annihilating quantum chan-
nel from the initial state of the source to the final indi-
vidual partial states of the targets.
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Appendix A: Continuous version of controlled unitary argument
Let X be a set, M a σ-algebra of subsets of X, H a Hilbert space, and µˆ a B(H)-valued measure on σ. Let |φ〉 ∈ H.
Then it is straightforward to show that µφ : M → R+ defined by µφ(B) := 〈φ|µˆ(B)|φ〉 is a positive measure on M .
Lemma 1: Let ρˆ ∈ B(H) be a density matrix on H. Then µρ : M → R+ defined by µρ(B) := Tr(µ(B)ρˆ) is a
positive measure on M .
Proof: Write ρˆ =
∑∞
i=1 αi|φi〉〈φi| with |φi〉 an orthonormal basis, αi ≥ 0, and
∑∞
i=0 αi < +∞. Then
µρ(B) := Tr(µ(B)ρˆ) =
∞∑
j=1
〈φj |µˆ(B)ρˆ|φj〉 =
∞∑
j=1
〈φj |µˆ(B)
∞∑
i=1
αi|φi〉〈φi||φj〉 =
∞∑
i=1
αi〈φi|µˆ(B)|φi〉 =
∞∑
i=1
αiµφi(B).
(A1)
Hence µρ(B) ≥ 0 for all B ∈M and µ(∅) = 0 since αi ≥ 0 and since µφi is a positive measure for all |φi〉. Also
µρ
 ∞⋃
k=1
Bk
 = ∞∑
i=1
αiµφi
 ∞⋃
k=1
Bk
 = ∞∑
i=1
αi
∞∑
k=1
µφi (Bk) , (A2)
where in the last step we use the fact that µφ is a measure. Since, additionally, µφ is positive, we can commute the
two summations. Hence
µρ
 ∞⋃
k=1
Bk
 = ∞∑
k=1
∞∑
i=1
αiµφi (Bk) =
∞∑
k=1
µρ (Bk) . (A3)
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Hence µρ is a positive measure. 
Lemma 2: Let f : X → C be a bounded, measurable function. Then Tr(∫
X
f dµˆρˆ) =
∫
X
f dµρ.
Proof: Write ρˆ =
∑∞
i=1 αi|φi〉〈φi| with |φi〉 an orthonormal basis, αi ≥ 0, and
∑∞
i=0 αi < +∞. Then
Tr
(∫
X
f dµˆρˆ
)
=
∞∑
i=1
αi〈φi|
∫
X
f dµˆ|φi〉 =
∞∑
i=1
αi
∫
X
f dµφi =
∫
X
f dµρ, (A4)
where in the second equality we used the definition of an operator valued integral (see, e.g., [50] for details), and in
the last equality we made use of Eq. (A1). 
Suppose now that Hb is a Hilbert space of dimension 2, and Hφ is an infinite dimensional Hilbert space. Note that
the argument presented here is straightforwardly extended for any finite value of dimHb. Consider a unitary Uˆ on
Hb ⊗Hφ given by
Uˆ = exp(−imˆ⊗ Xˆ), (A5)
where both mˆ and Xˆ are self-adjoint operators in their respective Hilbert spaces. Since mˆ is self-adjoint, by the
spectral theorem its eigenvalues span Hb, and in this basis mˆ can be expressed as
mˆ =
(
m11 0
0 m22
)
. (A6)
Since Xˆ is self-adjoint, by the spectral theorem for operators on infinite-dimensional Hilbert spaces it can be expressed
as (see, e.g. [50])
Xˆ =
∫
λ dµˆ(λ), (A7)
where µˆ is an operator-valued measure on the Borel σ-algebra of subsets of the spectrum of Xˆ. For any measurable
function f we define f(Xˆ) to be the operator
f(Xˆ) :=
∫
f(λ) dµˆ(λ). (A8)
Expanding Uˆ in Eq. (A5) in a power series gives
Uˆ =
∞∑
n=0
1
n!
(−i)nmˆnXˆn =
∞∑
n=0
1
n!
(−i)n
(
mn11Xˆ
n 0
0 mn22Xˆ
n
)
=
∞∑
n=0
1
n!
(−i)n
(
mn11
∫
λn dµˆ(λ) 0
0 mn22
∫ˆ
λn dµˆ(λ)
)
, (A9)
where in the second equality we are representing vectors in Hb in the eigenbasis of mˆ, and in the third equality we
have made use of Eq. (A8). By linearity of integration this can be written as
Uˆ =

∫ ∞∑
n=0
1
n! (−im11λ)n dµˆ(λ) 0
0
∫ ∞∑
n=0
1
n! (−im22λ)n dµˆ(λ)
 = (∫ e−im11λ dµˆ(λ) 00 ∫ e−im22λ dµˆ(λ)
)
. (A10)
Similarly, the adjoint of Uˆ , denoted Uˆ†, can be expressed as
Uˆ† =
(∫
eim11λ dµˆ(λ) 0
0
∫
eim22λ dµˆ(λ)
)
. (A11)
Consider now the channel ξ which takes states (density matrices) on Hφ into states on Hb and is given by
ξ(ρˆφ) := Trφ
[
Uˆ
(
ρˆb ⊗ ρˆφ
)
Uˆ†
]
, (A12)
where ρˆb is a density matrix on Hb. We can represent ρˆb in the eigenbasis of mˆ as
ρˆb =
(
b11 b12
b∗12 b22
)
. (A13)
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Also in this basis, the expression for ξ(ρˆφ) takes the form
ξ(ρˆφ) = Trφ
(∫
e−im11λ dµˆ(λ) 0
0
∫
e−im22λ dµˆ(λ)
)(
b11ρˆφ b12ρˆφ
b∗12ρˆφ b22ρˆφ
)(∫
eim11λ
′
dµˆ(λ′) 0
0
∫
eim22λ
′
dµˆ(λ′)
)
= Trφ
(∫
e−im11λ dµˆ(λ)b11ρˆφ
∫
eim11λ
′
dµˆ(λ′)
∫
e−im11λ dµˆ(λ)b12ρˆφ
∫
eim22λ
′
dµˆ(λ′)∫
e−im22λ dµˆ(λ)b∗12ρˆφ
∫
eim11λ
′
dµˆ(λ′)
∫
e−im22λ dµˆ(λ)b22ρˆφ
∫
eim22λ
′
dµˆ(λ′)
)
=
(
Tr
∫
e−im11λ dµˆ(λ)b11ρˆφ
∫
eim11λ
′
dµˆ(λ′) Tr
∫
e−im11λ dµˆ(λ)b12ρˆφ
∫
eim22λ
′
dµˆ(λ′)
Tr
∫
e−im22λ dµˆ(λ)b∗12ρˆφ
∫
eim11λ
′
dµˆ(λ′) Tr
∫
e−im22λ dµˆ(λ)b22ρˆφ
∫
eim22λ
′
dµˆ(λ′
)
. (A14)
Note that integrals with respect to projection-valued measures have the multiplicative property (see, e.g. [50])∫
f(λ) dµˆ(λ)
∫
g(λ′) dµˆ(λ′) =
∫
f(λ)g(λ) dµˆ(λ). (A15)
Together with the cyclicity of the trace this simplifies Eq. (A14) to read
ξ(ρˆφ) = t
(
Tr
∫
b11 dµˆ(λ)ρˆφ Tr
∫
b12e
−i(m11−m22)λ dµˆ(λ)ρˆφ
Tr
∫
b∗12e
i(m11−m22)λ dµˆ(λ)ρˆφ Tr
∫
b22 dµˆ(λ)ρˆφ
)
=
( ∫
b11 dν(λ)
∫
b12e
−i(m11−m22)λ dν(λ)∫
b∗12e
i(m11−m22)λ dν(λ)
∫
b22 dν(λ)
)
, (A16)
where in the last step we have defined the real-valued measure ν by ν(·) := Tr(dµˆ(·)ρˆφ) and made use of Lemma 2.
Let us now define the B(Hb)-valued function ρˆb(λ) so that in the eigenbasis of mˆ it reads
ρˆb(λ) =
(
b11 b12e
−i(m11−m22)λ
b∗12e
i(m11−m22)λ b22
)
. (A17)
Then Eq. (A16) can be written in a basis independent manner as
ξ(ρˆφ) =
∫
ρˆb(λ)ν(λ). (A18)
Finally, by Theorem 2 in [37], we see that the channel ξ is entanglement-breaking.
Appendix B: Calculation of ρˆAB
Here we will show the procedure for calculating the expression for the density matrix ρˆab for each of the three
coupling setups that we consider: AAB (first Alice couples twice then Bob once), BAA, and ABA. Notice that the
first two scenarios are just limiting cases of the coupling scheme AABB (up to a relabeling of A↔B). Similarly the
coupling ABA is a limiting case of the four delta-coupling ABBA, where we take the two B couplings to be at the
same time. We will work out the details for the AABB coupling, with the calculations for the ABBA setup performed
analogously.
Let us therefore consider the case where A and B each delta-couple to the field twice, at times ta1 ≤ ta2 ≤ tb1 ≤ tb2 ,
with coupling strengths λa = λb = λ/2. The interaction Hamiltonian is
Hˆi(t) = Hˆ
(1)
i,a (t) + Hˆ
(2)
i,a (t) + Hˆ
(1)
i,b (t) + Hˆ
(2)
i,b (t), (B1)
with Hˆ
(i)
i,ν (t) defined in Eq. (36). This Hamiltonian generates the time-evolution unitary Uˆ = Uˆb2Uˆb1Uˆa2Uˆa1 , with the
Uˆνi given by (see [15] for details)
Uˆai = 1a ⊗ 1b ⊗ yˆ+ai + mˆai ⊗ 1b ⊗ yˆ−ai, (B2)
Uˆbi = 1a ⊗ 1b ⊗ yˆ+ai + 1a ⊗ mˆbi ⊗ yˆ−ai, (B3)
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where mˆνi := mˆν(tνi), yˆ
+
νi := cosh(Yˆνi), yˆ
−
νi := sinh(Yˆνi), and Yˆνi := −i(λ/2)
∫
dnxFν(x)φˆ(x, tνi). The unitary Uˆ
evolves the initial state |ψ0〉 given in Eq. (34) into the state
Uˆ |ψ0〉 =|ga〉 ⊗ |gb〉 ⊗
(
yˆ+a2yˆ
+
a1yˆ
+
a2yˆ
+
a1 + e
−iΩa(ta2−ta1 )yˆ+a2yˆ
+
a1yˆ
−
a2yˆ
−
a1
+ e−iΩb(tb2−tb1 )yˆ−a2yˆ
−
a1yˆ
+
a2yˆ
+
a1 + e
−iΩa(ta2−ta1 )e−iΩb(tb2−tb1 )yˆ−a2yˆ
−
a1yˆ
−
a2yˆ
−
a1
)|0〉
+|ga〉 ⊗ |eb〉 ⊗
(
eiΩbtb1 yˆ+a2yˆ
−
a1yˆ
+
a2yˆ
+
a1 + e
−iΩa(ta2−ta1 )eiΩbtb1 yˆ+a2yˆ
−
a1yˆ
−
a2yˆ
−
a1
+ eiΩbtb2 yˆ−a2yˆ
+
a1yˆ
+
a2yˆ
+
a1 + e
−iΩa(ta2−ta1 )eiΩbtb2 yˆ−a2yˆ
+
a1yˆ
−
a2yˆ
−
a1
)|0〉
+|ea〉 ⊗ |gb〉 ⊗
(
eiΩbta1 yˆ+a2yˆ
+
a1yˆ
+
a2yˆ
−
a1 + e
iΩata2 yˆ+a2yˆ
+
a1yˆ
−
a2yˆ
+
a1
+ eiΩbta1 e−iΩb(tb2−tb1 )yˆ−a2yˆ
−
a1yˆ
+
a2yˆ
−
a1 + e
iΩata2 e−iΩb(tb2−tb1 )yˆ−a2yˆ
−
a1yˆ
−
a2yˆ
+
a1
)|0〉
+|ea〉 ⊗ |eb〉 ⊗
(
eiΩata1 eiΩbtb1 yˆ+a2yˆ
−
a1yˆ
+
a2yˆ
−
a1 + e
iΩata2 eiΩbtb1 yˆ+a2yˆ
−
a1yˆ
−
a2yˆ
+
a1
+ eiΩata1 eiΩbtb2 yˆ−a2yˆ
+
a1yˆ
+
a2yˆ
−
a1 + e
iΩata2 eiΩbtb2 yˆ−a2yˆ
+
a1yˆ
−
a2yˆ
+
a1
)|0〉. (B4)
Using this expression we can calculate the time-evolved density matrix ρˆab := Trφ(Uˆ |ψ0〉〈ψ0|Uˆ†). For example, in the
basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉}, the (1,1) component of ρˆab, denoted ρ11, reads
ρ11 = h(+ + + + + + ++) + h(+ + + + + +−−)e−iΩa(ta2−ta1 )+
+ h(+ + + +−−++)e−iΩb(tb2−tb1 ) + h(+ + + +−−−−)e−iΩa(ta2−ta1 )e−iΩb(tb2−tb1 )+
+ h(−−+ + + + ++)eiΩa(ta2−ta1 ) + h(−−+ + + +−−)+
+ h(−−+ +−−++)eiΩa(ta2−ta1 )e−iΩb(tb2−tb1 ) + h(−−+ +−−−−)e−iΩb(tb2−tb1 )+
+ h(+ +−−+ + ++)eiΩb(tb2−tb1 ) + h(+ +−−+ +−−)e−iΩa(ta2−ta1 )eiΩb(tb2−tb1 )+
+ h(+ +−−−−++) + h(+ +−−−−−−)e−iΩa(ta2−ta1 )+
+ h(−−−−+ + ++)eiΩa(ta2−ta1 )eiΩb(tb2−tb1 ) + h(−−−−+ +−−)eiΩb(tb2−tb1 )+
+ h(−−−−−−++)eiΩa(ta2−ta1 ) + h(−−−−−−−−). (B5)
Here h(l1, l2, l3, l4, l5, l6, l7, l8) := 〈0|yˆl1a1 yˆl2a2 yˆl3b1 yˆl4b2 yˆl5b2 yˆl6b1 yˆl7a2 yˆl8a1 |0〉 for li = ±1. In order to evaluate h, it is useful write
yˆ±νi = [exp(Yˆνi)± exp(−Yˆνi)]/2. The expression for h then becomes
h(l1, l2, l3, l4, l5, l6, l7, l8) =
1
28
∑
pj=±1
8∏
i=1
f(li, pi)K(p1, p2, p3, p4, p5, p6, p7, p8), (B6)
where K(p1, p2, p3, p4, p5, p6, p7, p8) := 〈0|ep1Yˆa1ep2Yˆa2ep3Yˆb1ep4Yˆb2ep5Yˆb2ep6Yˆb1ep7Yˆa2ep8Yˆa1 |0〉, and f(li, pi) equals −1 if
li = pi = −1 and 0 otherwise. Next we define the commutators iθν1φ := [Yˆν2, Yˆν1] and iθij1φ := [Yˆbi, Yˆaj ], which
evaluate to
θν = i
∫
d3k
(
αa1(k)α
∗
a2(k)− c.c
)
, θij = i
∫
d3k
(
αaj(k)α
∗
bi(k)− c.c
)
, (B7)
where ανi(k) is defined by
ανi(k) := − iλ
2
√
2|k| F˜
∗
ν (k)e
i|k|tνi . (B8)
F˜ν(k) is the Fourier transform of the smearing function Fν(x), given in Eq. (38). Calculating F˜ν(k) we obtain
F˜ν(k) :=
1√
(2pi)3
∫
d3xFν(x)e
ik·x =
√
2
pi
sin(σ|k|)− σ|k| cos(σ|k|)
(σ|k|)3 . (B9)
The expressions for θν and θij then work out to be
θν =
9λ2
4pi2
Is(tν2 − tν1), θij = 9λ
2
4pi2
Is(tbi − taj ), where (B10)
Is(x) :=
∫ ∞
0
dk
(sin(k)− k cos k)2
k5
sin(kx) =
pi
96
x(2− |x|)2(4 + |x|)Θ(2− |x|). (B11)
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Using the Baker-Campbell-Hausdorff formula the expression for K becomes
K(p1, p2, p3, p4, p5, p6, p7, p8) = 〈0|Dˆα|0〉 exp
[
− i
2
(
(p1 − p8)(p3 + p6)θ11 + (p2 − p7)(p3 + p6)θ12
+ (p1 − p8)(p4 + p5)θ21 + (p2 − p7)(p4 + p5)θ22
+ (p1 − p8)(p2 + p7)θa + (p3 − p6)(p4 + p5)θb
)]
, (B12)
where Dˆα is the “displacement operator” of amplitude α, given by
Dˆα := exp
[∫
d3k
(
α(k)a†k − α(k)∗ak
)]
, where (B13)
α(k) := (p1 + p8)αa1(k) + (p2 + p7)αa2(k) + (p3 + p6)αb1(k) + (p4 + p5)αb2(k). (B14)
Dˆα acts on the vacuum state |0〉 to create a coherent state of amplitude α, which we denote |α〉. Thus the factor
〈0|Dˆα|0〉 is simply the inner product between |0〉 (the coherent state of amplitude 0) and |α〉. In Appendix A of [15]
it is shown how to calculate the inner product of two coherent states. The result is
〈0|Dˆα|0〉 = exp
(
−1
2
∫
d3k |α(k)|2
)
. (B15)
Using the definition of α(k) in Eq. (B14), this simplifies to
〈0|Dˆα|0〉 = exp
[
− 9λ
2
16pi2
(
1
4
(
(p1 + p8)
2 + (p2 + p7)
2 + (p3 + p6)
2 + (p4 + p5)
2
)
+ 2(p1 + p8)(p2 + p7)Ic(ta2 − ta1) + 2(p1 + p8)(p3 + p6)Ic(tb1 − ta1)
+ 2(p1 + p8)(p4 + p5)Ic(tb2 − ta1) + 2(p2 + p7)(p3 + p6)Ic(tb1 − ta2)
+ 2(p2 + p7)(p4 + p5)Ic(tb2 − ta2) + 2(p3 + p6)(p4 + p5)Ic(tb2 − tb1), (B16)
where Ic(x) is given by
Ic(x) :=
∫ ∞
0
dk
(sin(k)− k cos k)2
k5
cos(kx) (B17)
=

1
4 if x = 0,
1
12 (5− 8 ln 2) if x = ±2,
1
96
[
24 + 4x2 − 2x2(x2 − 12) ln |x| − 16|x| ln(2 + |x|)− 12x2 ln(2 + |x|)
+x4 ln(2 + |x|) + |x|(|x| − 2)2(4 + |x|) ln ||x| − 2|
]
otherwise.
(B18)
Substituting Eqs. (B10) and (B16) into Eq. (B12) gives us an expression for K, which we can then substitute into
Eq. (B6) to get a concrete expression for h. Therefore we can get an expression for the matrix element ρ11, which is
expressed in terms of h in Eq. (B5). The remaining elements of the two detector density matrix ρˆab are calculated
analogously. From the symmetries of the arguments of h in Eq. (B6) and of K in Eq. (B12), we can see that if h
has an odd number of “−” arguments then it vanishes. This is the reason why half of the matrix elements of ρˆab in
Eq. (40) are zero.
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